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1. 
In this paper we first generalize th results of [2] and [3] while simplifying 
their proofs and presentation. As anapplication we show that if R is a right 
Noetherian ring which has a right Artinian quotient ring, then, R[x& the 
power-series r ngover R, also has a right Artinian quotient ring. The proof 
of this result depends on a lemma which is of some independent i erest and
a variant ofwhich yields a hortening of the proof or the polynomial case. 
The second portion f this paper is devoted to proving the following: 
Let R be a ring with a right quotient ring, Q which is right Artinian. If e E R 
is an idempotent, then eRe is a right order in eQe. In particular, the property 
of being aright order in a right Artinian ring is a Morita-invariant. 
2. 
Throughout this paper all one-sided conditions will be assumed to hold 
on the right. For example, Noetherian will mean right Noetherian. Quotient 
ring will mean classical quotient ring and will be denoted by Q, or Q(R) if 
we wish to emphasize that Q is the quotient ring of R. 
The maximal nilpotent ideal (if it should exist) ofthe ring R will be denoted 
by N(R). If S is a subset of the ring R, then r(S)(l(S)) will mean the right 
(left) annihilator of S.We refer to[I], [2] and [3] for background, andto [2], 
and [3] for other conventions a dnotation. 
3. 
DEFINITION. Let R be a semiprime Goldie ring. A multiplicatively-closed 
subset M of regular elements ofR is exhaustive f given pEQ(R), then 
q = m-l where cE M. 
1 Research supported by the Science Research Council (U.K.). 
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For example, the set of all regular elements inR is exhaustive. Shortly 
we shall give xamples ofa less trivial n ture. For the moment, let us notice 
that if M is exhaustive, then 
(1) R satisfies th  Ore condition with respect toelements ofM, and 
(2) A right ideal I of R is essential f nd only if In M # 4. 
The verification of (1)and (2) is immediate from the definitions. 
Recall from [2] or [3] the notation Ti = l(N(R)) n N(R) if R is Noetherian. 
We shall denote the natural image of Y E R in R, = R/T, by y1 and in 




R RI --- 
N(R) N(R) 
where all maps but the lower horizontal oneare the natural projection. 
The map from R/N(R) to R,/N(R,) is of course a + N(R) + aI + N(R,) 
which is an isomorphism since TI C N(R). We also notice that if M is ex- 
haustive in 8, the elements inR,/N(R,) corresponding to the elements ofM 
form an exhaustive setwhich we shall indicate by MI . In what follows R 
will always be Noetherian. 
DEFINITION. Let M be an exhaustive set of 8. Suppose there xists a 
subset S C R with the following properties: 
(1) s E S implies Y(S) = 0.2 
(2) S is multiplicatively closed. 
(3) If 6 E M, there is an s E S such that S= 6. 
We then say that R has an exhaustive setS(M); the notation implying M is 
an exhaustive setof i?. 
LEMMA 1. Suppose that R has an exhaustive setS(M). If x E TI and 
a E S(M), then there isa b E S(M) and d E R such that ad = xb. 
Proof. The proof is an easy modification of the proof of Lemma 2.4 of [2] 
taking into account (2) of the properties of M.
Remark. The d occurring in the conclusion of Lemma I may in fact be 0. 
Consider the ring 
m, n integers 
! 
a Thus, r(S) = 0 by an unpublished result ofGoldie. 
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and the element 
Of course ifthe lements ofS(M) are regular, no such phenomenon will occur. 
We now turn to a generalization of Theorem 2.10 of [2]. 
THEOREM 1. Suppose R has an exhaustive setS(M). If x E R and a E S(M), 
then there are c E S(M) and d E R such that xc = ad. 
Proof. We shall prove this result byan induction the index of nil- 
potence of N(R). If this index is one, the claim is clear. Suppose the index 
‘- -- . . 
is n + 1, then the index of N(R,) is n. We denote by S,(MJ the 
set {sr ER, 1 s E S(M)}. By Lemma 2.7 of [2], if sr E S,(MJ, then r(sJ = 0. 
Of course, S (M,) is multiplicatively closed. Let a, + N(R,) EMl ; then if 
s + N(R) = a + N(R), we have s, + N(R,) = a, + N(R,). Hence, as the 
notation suggests, S,(M,) is an exhaustive set of RI . By induction then, 
there is a cr E S,(M,), (c E S(M)), and dl E R, such that a,d, = xlcl (we 
tacitly assume that x# Ti). This last equation means xc - ad E TX . Now 
apply Lemma 1 to find KE S(M) and f E R such that af = (xc - ad)k, which 
yields a(f + dk) = x(ck) and ck E S(M). 
COROLLARY 1.If S(M) is an exhaustive setof R and the lements of S(M) 
are regular, then Q(R) exists and is Artinian. 
Proof. In the notation f [2], RStM) exists and the argument of 
Theorem 2.11 of [2] may be applied. 
4. 
We now apply the results ofthe previous section topolynomial nd 
power-series rings. Inthis ection R will be a Noetherian ring with identity 
element. Under this assumption R[xl, (R[x]), the power series (polynomial) 
ring over R is again Noetherian with identity element and is semiprime ifR 
is semiprime. 
LEMMA 2. Suppose R is semiprime and f (x) ER[x] is regular. Then there 
exists g(x) ER[x] such that f (x) g(x) = a,xn + a,-,xn-l + -a* + a, , where a,, 
is regular. 
Proof. Let U = {a,,, E R 1 a,fl + -*a + a,, Ef (x) R[x], some m} U {O}. 
It is quickly checked that U is a right ideal of R. If we show that U is 
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essential, thenit will contain a regular element and we will be done. Thus, 
let 0# I C R be a right ideal. 
1[~] which consists of all polynomials each of whose coefficients lie in Iis a 
right ideal of R[x]. Sincef(x) isregular inR[x], f(x) R[x] is essential and
f(x) R[x] n I[x] # 0. Thus, if 
0 # a,x’* + amWlxm-l + a.- + a0 of +I n 4x1, a,EIn U. 
LEMMA 2’. Suppose R is semiprime and p(x) E R[ixJ is regular. Then there 
is a g(x) ER[xJ such that p(x) g(x) = a,x* + a,+,xn+l  **a, where a, is regular. 
Proof. This is a straightforward modification of the previous proof. 
We continue with R semiprime and look at R[x] and @xl. Let 
M(R[x]) = {f(x) ER[x] If(x) = a,xn + anblxn-l + .** + a, , a, regular} 
and 
M(R[x]) = {p(x) E R[xJ 1 p(x) = a,xm + am+lxm+l + a** , a, regular). 
We assert that M(R[x]) and M(R[xJ) are xhaustive. Certainly theelements in
both these sets are regular, ndthe sets themselves aremultiplicatively closed. 
Suppose q E Q(R[x]); then q = af-l, say. Pick g so that fg = m E M(R[x]). 
Thenf-l = gm-r and q = (ag) ~tl-l. Thus, M(R[x]) is exhaustive. Similarly, 
M(R[xj) is exhaustive. 
Now suppose N(R) f 0. As is wellknown, N(R[x]) = N(R)[x], and 
N(R[xn) = N(R)[xn. These last relations yield the isomorphisms 
ml1 
WWI) 2 & PII- 
It is useful to write out explicitly heabove isomorphisms. First, 
f(x) + W-Mxl), where f(x) = a,x” + a+-lxn-l -t *** i- a0 is Sent to 
6 xn n + cinelx”-l + me. + co. In the second case, p(x) + N(@D), where 
p(x) = a,xm + ~,+~xm+r  .** is mapped to 8,,,,xm + ti~+r~~+~ + *** .We 
now set 
M ( NT;:]) ) = {f(x) + W[4)I @dfW + N(@l)) EM (& M)/ 
and 
j,,f R[[xll ( W-Wll) 1 ! = ~(4 + NWdl)l @,M4 + WWI) 
E M ( &Pll)!- 
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Since 0, and 0s are isomorphisms, 
are exhaustive. 
THEOREM 2. If R has an Artinian quotient ring, then so do R[x] and R[xj. 
Proof. We shall present the power-series case. If p(x) is a power-series 
whose lowest coefficient s regular, then p(x) is regular smay be easily 
seen. Furthermore, theset of such is of course multiplicatively closed. 
Finally, if 
and g(x) = C aixi, then C ~~ixi has lowest coefficient, say L&regular inR. 
Since R is an order in an Artinian ring a, is regular in R. 
The power series J(x) = Ciat aixi has lowest coefficient regular and 
84 + WWI) = g(x) + WIIxD H ence, R[[xl has the exhaustive set of 
regular elements consisting allpower series with lowest coefficient r gular. 
To conclude w apply Corollary 1. 
We have been unable to prove Theorem 2 for power series rings over 
arbitrary o ders in Artinian rings; the reduction used for polynomials does 
not extend to power series. Theadvantage ofthe present approach toorders 
in Artinian rings over the one in [2] lies in the much easier application as 
illustrated by the last theorem. 
5. 
This portion fthe paper is devoted toproving 
THEOREM 3. Suppose R has a quotient ring Q which is Artinian. Ife is an 
idempotent inR then, the quotient ring of eRe exists and is eQe which is Artinian. 
We first consider the case when R is semiprime. It is wellknown that eRe 
is again a semiprime Goldie ring. Of course Re then, has a semisimple 
Artinian quotient ring by Goldie’s theorem. Here we show that his quotient 
ring is eQe. 
LEMMA 3. If exe is a regular element in eRe, then exe is invertible in eQe. 
Proof. Since Qe is Artinian itsuffices to how that he right annihilator 
of exe in eQe is zero, If not, there is a nonzero element eat-le E Qe such that 
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exe eat-le = 0. Since Q is the right quotient ring of R we have c-re = mn-1 
which yields exe(eam) = 0 with earn f 0. This in turn means that 
U = (r E R 1 exe Y = 0} intersects eR nontrivially. It is clear that 
e(UneR) = UneR. We assert that (UneR)efO. If (UneR)e=O, 
then e( U n eR)2 = (U n eR)2 = 0, which contradicts the emiprime prop- 
erty of R. Since (U n eR)e f 0, there is an s E R such that ese f 0 and 
exe ese = 0 which is a contradiction. 
LEMMA 4. Given earle E eQe, there xists exe regular in eRe such that 
eat-le exe E eRe. 
Proof. We know that here xists a regular element d E R such that 
eat-led E R. Let I = {r E R j eat-ler E R}. I is an essential right ideal of R 
since d E I and 0 f eI C I. We claim that In eRe = ele is an essential right 
ideal of eRe. If K is a nonzero right ideal of eRe, then In KeR f 0 since I is 
essential. As before, (1 n KeR) = I n KeR and (I n KeR)e f 0. However, 
(I n KeR)e C ele. Thus, eIe contains a regular element exe of eRe. Therefore, 
earle exe E eRe. 
From Lemmas 3 and 4 it is now aImost immediate hat eQe is the quotient 
ring of eRe. First, every regular element of eRe is invertible in eQe. Second, 
by Lemma 4, if eat-ie E Qe, there is a regular element exe EeRe such that 
eat-le exe = ese EeRe. The last expression yields eat-le = ese(exe)-I. 
Let us now proceed tothe general case. We especially refer to [2] and [3] 
for background. Now R.is aright order in Q, a right Artinian ring, and N(R) 
is the maximal nilpotent ideal of R. We have the following commutative 
diagram 
R lr R/N 
where il , j, are the usual injections, ?T thecanonical projection, and where 
v(ac-I) = (a + N(R))(c + N(R))-I. This last map is the composition 
of the canonical map of Q onto Q/N(Q) and the map which sends 
(a + N(Q))(c-1 + N(Q)) to (a + N(R))(c + N(R))-l. Since this last map is 
an isomorphism and the projection s onTo with kernel N(Q), p is an onto 
homomorphism with kernel N(Q). We shall denote the image, under n, of 
an element r ER by f. 
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The above diagram induces the following commutative diagram 
eQe Pe - 6Q(R/Nk 
where ji, js, are the injections XJere) = E% and $e(eac-le) = s(a + N(R)) 
(c + A’(R))-% We note that $e is onto and that he kernel of 4, is eN(Q)e 
which is N(eQe). The kernel of n, is elv(R)e = N(eRe). 
LEMMA 5. If efe is a regular element of &, then efe is inv’ertible’in eQe and 
hence regular in eRe. 
Proof. 4ee(efe) = 7 ee which is invertible in FQ(R/N)P by Lemma 3. 
Since the kernel of +, is nilpotent, efe is invertible in eQe. 
LEMMA 6. Suppose at-le E eQe, then there xists exe E eRe which is in- 
vertible in Qe such that eat-‘e exe E eRe. 
Proof. Let I = {Y E R f eat-le r E Rj. Since Q is the quotient ring of R, 
I contains a regular element of R. As before, 0 # el C I. It was shown in [2] 
that d regular inR implies that d is regular inR. Thus, 1 = I + N(R) 
contains a regular element and I is an essential right ideal of R. Hence, -- 
eTe contains a regular element exe of eRe where xmay be chosen in I. Thus, 
exe is invertible in eQe and eat-le exe E eRe. 
We now have all the pieces togive the proof of Theorem 3. 
Proof of Theorem 3. Given eat-le EeQe, there iSn ere EeRe which is in- 
vertible in eQe such that euc-le ere = ese EeRe. Thus, eat-le = ese(ere)-l. 
We may now apply Lemma 1.7 of [2] to obtain the’desired conclusion. 
Suppose now that R has an identity element. We have the following as a
Corollary: 
COROLLARY 2. The ring of all endomorphisms of a finitely-generated 
projective (right) module over an order R, in an Artinian ring Q, is also an order 
in an Artinian ring. 
Proof. In [Z] it was shown that R, , the n x n matrices over R, is an order 
b Qn- Now the endomorphism ring of a finitely-generated p oj ctive 
R-module is of the form eR,e where is an idempotent in R, , 
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This last Corollary also, of course, implies the Morita-invariance of 
“order in an Artinian ring.” 
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